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, ,. SUMMARY : ~~
~,==—.:---- ——

The turbulentair f“lowbetween rotatingcoaxial.cyl~
indersw&s investigated. The distributionsof.~m&&n-@5@ ‘–
and of turbulencewere measured in the gap bet~eena rotat-
ing inner and a stationaryotitercylinder;

,—. .+
~he measurementsled to the conclusionthat the tur-”

bulent flow in the gap cb~not be consideredtwo-dimensional
but that A peculiar type of secondarymotion take$-~lac~.
It is shownthat the experimentallyfound velocityd$stri-

—

bution can be fully understoodunder the hssttrn?tiohthat
this secondarymotion consi,stsof three-dimensionalring-
shape vortices. The vortices occur only in pairs and
their number and size depend on the speed of,the r6ta%~fi~’”—--~_,_,
cylinder;-thenumber was found to decreasewith-i–~~r6”=S”~ng““”““

J specd.. The secondarymotion has an essentialpart is the
t’ransm.i.ssionof the moment of momentum. In’“regionswlie-re‘--”“--“-
the secondarymotion is negilgible,the momentum transfer-

d follows..thelaws known for homologousturbulence.
c..

,: Ring-shapevorticesare known to occur in the laminar
flow betweenrotating cylinders,but it was hitherto-un--

.-

kaown.that they exist even at speedswhich are.seti%ral
hundred times the critical speed.

.

INTRODUCTION

The flow between coaxial rotatingcylindersis known
as Couettelstype of curved flow. Owing to the importance
of this type of flow as a basic problem=influid dynami”c”&
a number of investigationshave been carried out. The –

.—

exact velocity distributionin th,e.turbulentstate,h-o-wev~r’,
~s still unknown. The flow’wag investigatedby”G. I. Taylor”
(references1, 2, 3) as well as by others. (.See,,for exam-

.——.

pie, reference4.] Taylor measured the velocity distribu- ‘“-
tion.between a rotat$ng inner and.? stationaryouter c~~- “- ‘“-
inde.r(reference3). He fQund,,theparado’i,icalrestilttha_i
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both the circumferentia11ve16cityand the moment of momen-
tum increaseoutward. This conditionis apparentlycon-
trary to both of the alternativeassumptionsthat the
moment of momentum.or :thtivorticityis transferredby turb-
ulent diffusion. Taylor tried to expl,ainthis paradox
by the shatiweffect of the tube that was used for measur-
ing the total-pressuredistributiontn the gap. He varied
the dimensionsof the instrumentand concluded,by extrapol-
ation to zero diameterof the pressure tube, that the true
velocitydistributionin the gap correspondedto‘a constant
value of....themoment of momentum,that is, tu a constant
valueof the product Ur where U is the mean circur.nfer-
entialvelocityand r is the distancefrom the axis of
the.cylinders.~..

In order to investi~atethe validity of Taylorts
e~trapolation,Dr. von Karm~n suggestedthe use of “hot-
wire anemometersfor the measurementof the velocit~fils-
tribution. “A specialmeasuringdevicewas designedto
reduce the shadow effect to a negligibleamount. T!he
inner cylinderwas rotatedand the outer one held stationa-
ry’. The operatingspeedswere severalhundred times’the
criticalspeed as given by Taylor (r.eferen”cd.1).

The author wishes tiu-express his thanks f’orthe-help
receivedf-remthe GALCIT staff,particularlyto Dr. “v.on
K6rm6n for his inspirationand guidance,to Dr. C. B. Millikan
for his int~=st and advice,and to Mr. Carl ~hiele for his
help and suggestions regardinga~paratus. The sectfionof the ““
paper on theoreticaldiscussionwas contributedby Dr. von
K&r@n. This investigation,conduc~d ’at the -California
Instituteof’Techno30gy,was sponsoredby and conductedwith
the
for
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financialassist,a.nceof the Nationalmvi’sory Committee
Aeronautics. .. .“

SYMBOL8
,. ...

orthogonal,cylindricalcoordinates

l-engt,h.of rotatingcylinders” .- .
●..

‘Widt-h”:ofg~p between cylin~e’r-s
.-.
...

Yad.iusof outer,cylinder “ ‘ ‘ “’” .
v“

normal distancefrom & solid”wall”in Iogar.ithmic
velocitydistributionlaw
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N number of revolutionsof rotating:eylinder
-—

~ moment per unit length of rotatingcylinder
., , ,. .,

T sheariggstress . ..,, -—
!.,

. . .,

P density .. ,.-,.., .,., ..

v kinematicviscosity .. -.,.
,., —-

U mean circumferentitilvelocity >,, ...“ ., .
U,v circumfer.ential-and radial-velocitycomponents”, .—

respectively,of secondaryflow
—

u’,V1 circumferentialand radial components,respectively,
of turbulentfluctuations L.”.

. . . ---- .

DESCRIPTIONOl?APPARATUS
.’..

.! ..
The main part of the apparatus-consistedof two co-

axial cylindersrsount.edon a rigid frame made of steel
angle stock. The inner cylinderwas cast of aluminum

● alloy, turned true to +il.”002inch and carefullybalanced
to eliminate“vibration. Its outer diameterwas-1,5%inches
and its length,Was 11 inches.c The possibility“of”~cfrcula-
tion from the gap to the inside of the inger cylinder__was
eliminatedby sealing‘the‘insideof the-cylinderwith
wooden plates and wax. ... . ----“.

.“-’ ..-
Two sizes oflgutercy+inderwere used; their inner

diameterswere 16Ta and.175inches,making.gaps of 17/32
inch and,ly~~.iuches,respectively.-The cylinders~Gre ~– .=
wooden with,1-inchwalls. At ,thebottom of the outer cyl-
inder a series of 3/4-inchholes were drilled around the
circumference. Two wooden rings with a width just slightly
less than the gap were attachedto.the””outer cylinder;one
ring was at the top edge and one jtistabove the bottom
holes. The clearancebetween the rings and the inner cyl-
inder was sealedby felt.. ,,,,

The inner cylinderwas turned by a l/10-horsepower
synchronousmotor coupled.rigidlyto its shaft. The speed
of rotation’of”the cylinderwas me’asur.ed.by-”meansof a
10-polegeneratorattached to the motor shaft. The out-
put of the generatorwas checkedagainstthat of a cali-
brated oscillatorby,the:Lissajoufi”guresformed on a
cathode-rayoscilloscope.
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A conventionalhot-wlr”eanemometerwa% used for the
measurementof the mean velocityand the root mean squere
of the fluctuationsof the.magnitudeof the”vtilocity.The
ratio.betweenthe root-mean-squareof t-hefluctuationand
the mean velocitymultipliedby 100 will be referredto as
the Ilpercentageof turbulence.l’No attemptwas made to
determinethe directionof the velocity. ..

The hot wire was insertedai”:th%-centralpart of the
oute? cylinderby the holder sho’wnin figure.1. The hot
wire was solderedacro$s “thesmall gaps and the small
spindlescould be changed so as to measure at different
axial positions.,‘.Thespindleswere”far-f&om the h~t wire
and the effect of their wake was thereforenegligible.
The spindleswere mounted on a block that rested on a ,
slide so that th~ ‘@pi.ndl&s”c’o”iildt~av’el”bactiand forth
with the block as a whole: ..The”81~di:,;?a~hoved by a
micrometerthat indicatedthe position of the hot wire in
the space between the cylinders.,. ..

A series of staticholes, 15 in”tiumber,were drilled
along an elementof the outer cylinder. These static
holes gave-an indicationof t“he‘flowpaf~ern in the gap.
I?igur.e2 ‘shows’th”et~st setup

.........—----
with the ho}-wireholder

inserte’din:the ce-nter”“of”~theou”tercylind=r.”“Thesyn-
chrono.tismo”t’orand.the speb”dind~c=titorare-b-en”e-titht“he”
cylinder..The-multi~”le.’stopc~cko~-the-””stoolpermitted
any .dQsl.’red&.taticorifi”c.btm:b-econnectedto H manometer.

The front.part of.the hot-wireh’olderwas-madeof
hard rubber. In order to obteina good fit between theh hot-wireholder and the.cylinder”,a brass slot was”fiade
and set into the-w&llof the ou~cylindbr’. The insidp
of,theoutercylinder, the bra”ss.slot, and the hsrd +u~ber
holder were turnedas a ufiitahd painti=d”stmultaneously.
.Thethree pieces formed a smooth6ylindr’icaIsurface. .

..
.,.. . .-

THEORETICALDISCIJ~S”ION

. .

Two differenttheorieshave.beefiprojosed foi””the‘
computationof the velocitydistributionin turbulentflow:,.‘,

1. Accordingttithe momentum tians’porttheoryori-g-
inated by L. Pr.andtl;the slieaYingstreGE Y is”given,by
the expression; I, . .. ..

A

.—
...

—

*

—

A

. ..-
kJL’(Ur), .,.,-:T=. . r dr
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where k ‘denotesthe coefficientof turbulentexchange,”
u is.,thecircumferentialvelocity of the fluid, and r
is the distaucefrom the cylinderaxis.

I.nthe case of t“heflow between a-rotating”~nner and
a stationaryouter cylinder,the moment of-t-heshearing
stressesacting Orian arbitrarycylindricallayer in the
fluid is equal to the moment requiredto “rotatethe inner
cylinder. The moment referredto unit length being denoted
by g, the equation.takesthe form “

T ra = kr ~d~(Ur) = -g

It follows that the product Ur shoulddecreasewith
—

Increasitig,r.
—

2. Accordingto the vorticity-traasqorttheory orig-
inated by G. I. Taylor, the vorticitytransportthrough
any cylindrical’surface is zero. The mathematicalexpres-
sion‘forthis statementis

. .
d
[

,’

“z 1‘~.&(lJr) = O (2)

This equationis,”for”example, satisfiedif Ur is ~con-
stant. Taylor concludedfrom hi-s”rneasu”reneritsthat Ur
is, in fact, constant in the central 80 percent of the
gap. As mentioned before”,this conclusionwas’drawn from
a special‘extrapolation;the investigationspres,entq.d.in.
this paper were undertakenmainly to clarify this”point.
.’ —
. .

Preliminarymeasurementsthat are described‘in~the
: following sectionof this paper .~howedthat the _flo.wbe7

tween the-cylinderswas not two-dimensionalas assumed in ,.
equations(1) and (2). “Theflow could be consideredto
cohsist of-three parts”:“1..The two-dimensionalm“e&nbo- -
tion having but one circumferentialvelocity,compone.nt;
2. A’ secondary-motionwhich accounts for the deviation
from the two-dimensionalcase; and. 5. Turbulentfluctua-
tions. General equilibriumconditionsapplied to th~is8
case require that the t.~ansferof angular momentum through

—

a cylindricalsurfaceof radius r equal the torque”,which “
is independentof r“. Thuq~

—
if the stresses.due to vi”sc”os-,

ity are neglected, ‘; ,.
L ~~ -.+-.-.

./[

.,
r2 (U + u“+ u!) (v + vl)dz d~ = coti~tant;“(3)

o to
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where U. is the mean circumferentialvelocity; u and
v are the circumferentialand radial components,respec-
t-ively?of the secondarymotion (that is, the deviation
f~om the mean velocity); u! and v~ are the components
of the turbulentfluctuation in circumferentialand
radial direction; t is the length of-thecylinder;and
r, e and z are cylindricalcoordinates,

If averageswith respect to time and over the length
of the cylinderare made, it Yeing assumedthat the aver-
age values do not depend on e , it followsfrom equation
.(3)that

4 —-—
ra(u~ + utv!) =constant (4)

since U= vanishesby averagingover the length of the
cylinder,becausetEe continuity-ofthe flow and the time
averages,of u! and v! are zero by definit--ion.This
equationshows that-“thetorque is transferredfrom one
cylinderto the other by two different‘mechanisms:‘o-ne,
secondarymotion and, two, turbulentfluctuations. The
relativeimportanceof these ~iotionswas to be experimen-
tally determined. It isto be Doted that equation(3) is
q~ite general and does not depend on any assumptionas to’
the mechanismof the turbulentfriction.

PRELIMINARYINVESTIGATION

.

--

.

r

At first it was thoughtthat the flow betweenthe
cylinderswould be”two-dimensionalexceptnear the ends.
Jieasurer.aentswere thereforemade at the exact center of
the cylinderswhere the flow wtiul.dbest approximat-ethe
two-dimensionaltype. Two entirelydistincttypes of flow
were, ho~ever, obtainedat the same position,dependingon
the startingconditions. The t~-picalset= of the velocity
and the distrfhut-ionsof the tur%ulen”celevel ac”r”ossthe
gap for these two types of flow are shown in figures3 to 6.
For convenience,t-hety-peof flow”shown in figures3 and”5
will be called t~pe A and that shown in figures 4 and 6
will he calle”dtype B. —-

4

The relationof these two types of flow to the start-
ing condit%on~was as follows.:,:.>

If the inner cylinderwas startedin such a manner
that its speed Ni increasedgraduallyup to-thedesired
value and if the hot-wire spindleswere close to the inner
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cylinder,type A flow was obtained. Once either tyEe of_
●

flow was establishedit seemedunaffectedby slight.changes
in speed of rotation.,,. .,

*
Furthermore!at high speeds it was found that in tt~e

middle of the run thetype A flow might suddenlychange to
the type B flow. This change is illustratedin figure 7.,.
At first the cylinderswere started in such a way that the

. type A flow was obtained,and readingswere taken outward.
Thesereadings followed the.upperfull-linecurve as shown”
in figure 7. At a certainpoint near the outer wall, the

-—

mean speed suddedlydroppedalong the dotted line and the ,,.
velocitydistributionthen.becamethat shown in the lower
full-linecurve, that is, type B flow. l?urthertraversing
had no effect on the flow pa.tt..ern,“men the 17/c12-inch
gap was used, decreasingthe speed of rotation of the inn-
er cylinderto a certain low value restoredthe type A
flow. This phe,n.ornenon,howe,yer,did not ,occurfor the l~&-
Inch gap.

>.
It was believed that the presence of the hot wire-near

the inner qr the outer cylindercould have an essentialin-
fluence,~,nthe velocity distrib~tion,for exapq?leiby in-
creasingthe.t-hicknessof the bound,aryl’ayer. This Possi-
bility was excludedby iritroducinga dummy hot wire at var-

. ious,positi~ns. The next..assumpt,ionwas that the floi?pat-
tern i,s.thre,e-dimensional;t-hetransitionsbetween the two
types of velocitydistrib,ution.would be caused by changes —

.% or displacementsin the flow pattern. This assumptionwae
confirmedby further expqrirne,nts.” - _

,.,,.,,
“’In order to investigatet-he.tliree-dimen”sional.charac-

ter of the flow in the gap between the cylinders,evenly
spacedpressure-measuring.ori.ficpswere insertedon the
outer cylinderalong the.azial direc,tio,~>:The..readings
at these orific,es(fig. 8) s,how.ed,’that the static”preesure..
was not constantalong the.ax,ialdi,re.ctio”n~as would have
been expected,ctnthe ,caseo.f.txo-d.imensio.nalflow, but
6howed 8yste.m.at.icv.a.riation,s..- ---

.. ,.-:..,......... . ‘.-:. .-”” :-”--,7.--.-,
The”-q”nd“~onditions,of,the “cyl”in.der”swere found to

.have conp.id.erabl:,e:.infl~ence.on-$.hetst.atic-pp~’ssure”readings. _
●

In,orderto eliminatethe.e,nd,ef?ectaS far as .PoSsi~leY
the Itaspectrat-io,’tthat is, the length of the working
sect,ionto the Width.of the galp~,wasinc.rpased..,from10 to

* 20,by reducingthe.gap from 11% iqchpsJo 17/32:inch. The
seals at the two ends of the gaptwere.also redesignedto
make the end conditionsas .sy,mmptrical.as possible. ,~he
pressure and the velocity distributionsobtainedwith the
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symr,n’etri.calsealswere similarfor the two aspect ratios,
and.it’is believedthat”the end”“effectswere negligibleat

.

the place where the me&surementswere iaken.

Thus,.themeasurementsof “thestaticpressure indicate
&

withoutdoubt.the three-dimensi”onalcharacterof the flow.
In.order to daterminethe flow p-att”ern,it”became necea8ary

,. to measure t-hevelocitydistribution-in various sections
,’ perpendicularto the axis. The~e”meaiuramentsare described
,, .in.*he-nextsection. ,..,..

,, ..,

VELOCITYAND TURBULENCEDIsTRIBUTIONSALONG THE... -,
AXIAL DIRECTIONOF THE CYLINDERS

,,
Since the flow-patterncould be change-dby the ~tart-

ing conditions,care had to be exercisedthat the static-
pressure distributionalong the axial directionwas kept
the same for all the runs at any given’&j66d.,“ Measurements

-.

were,takenat seven axial atation~at *h& centralfior~ion
of the”.cylinder”s.. The.:-di’stancebetween two adjoiningsta-
tions Was.1/2 inch. These statflonewere’nnmbert!~from I
to 7,”the number increasingtotiardthe bbttom-”ofthe ~yl-
inders.:The actual.positionsof theie stationsare marked ,
by the arrows in the static-pressurediagrams,on the right
of the,correspondingrssult~. “ . .

.. :..., t
A typical set of results,correspondingt~rrot&-

tional speed of the inner cylinderequal to 1200 rpm will
~ beanalytiedin detail. .,”;

The msan-velocity’distribu6fonsfor this cas6 dre
shown in figure:9. It is -seenthat both ty?~s of flow
obtainedin the preliminaryinvesii~tions existedsimul-
taneously-forthe same fidw pattern but at’differentaxial
positions. ‘Th6mean-veldcity.-dfstri%utiongr~dually changes
from one type to the other.::.Po&itistan&s,at”station 1 the
distributionis type B; at stations2 and 3, it is type A;
at station4;”itis-an:intermediatetype;and it may be
called “AB;,”at:Stiations5 and-6;ft‘is:liypeB; while at
station7,.the“intermediatestage-is again obtained. t.. .- .

Figure 10’w6sobtained by-plot’tin~one of the distri-
butions of type A, say at station-”2,and one of’tyoeB, ●

say at station.6,on ‘asemilogarithmics“cale.It iB seen
f“romthese curvetithat,”for flowof:type:A,‘t-hev-elocity

-

., ... -.
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distributionnear t-heinner wall is logarithmic,that is,
the velo”c.itydefect”is proportionalto the logarithm”of
the distancefrom the wall (reference5); whereas,“for
type B, the velocitydistributionnear the,out”erwall is
logarithmic. If~the.typicalvelocitydistributionsobtained
in the preliminary‘investigationsare plotted f.n”the same
marine:,the results are-similar..It has”been shown by Dr.
von Karii&n(reference6) that far Couettefsflow the mean-
velocitydistributionis logarithmicif homologousturbu-
lence is assumed. It may be stated that, at the place
where.“the’v:elocitydistributionis logarithmic~the .trans-.
fer of shearingstressfrom one cylinderto the other is
mainly due to turbulentfluctuations.

Since the gap is small in comparisonwith the radii of
both cylinders,as a first approximation,equation (4)
gives .. .

.“.—.
u= + Ulvr = constant “(5)

,. .,
At the place where the influenceof the secondarymotiio”n,
that is, the term of.,. iiy,is negl~gible,equation (5)
becomes ., -—,... .

uii~ = constant
---(6)

The same conditionis valid for flow between two para~lel
plates moving with differentveloc”it.ips. “..-’..-.. .. .

At “theplace where the,influenceof turbu~ent.fl~c-
tuat,ionsis small, equation”(5) bec”orngs___ . “.
.. .—. .,Uv”= con,st.ant ~:

r. (%’:)
. ..

NO attempt was madg to rnpasurethe radiql v.eJQc3tY...Y~..of
the secondarymotion.

....—
Some conclusionsa=””tothe”distri-

bution of v“ along the axial directioncqn be.drawDl‘how-
ever, from equation (7) after the distribution“of u- is
“examined,‘thatis, the deviationof the circurnfe~~ntial
velocityfrom the av”erhg?take%over=the”&xial,.lppgth.-.. ..

First, take the averkga of the mean-~elobi;yc~rves

.

.7

. .

of the .ieve,nstations..-:-ThiSaverag~_mean-~~locity‘d-iS-
tributi’onis plotted as ,adotted-cyrv@~i6:~_60mb~ri60nw~th-
the curves.of mean-veloci’tydins’tributionof ~“~gtii~:9. The
deviation .u .from t-heaverage distributionat var”iovs_...axial positions i“~‘Shown“infigure l’~. , :___”~._.

,, .’ . .. -..
. . . . . ;. . .-

—
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It is seen from equation(7) t-hat;if u chatigei
sign along t-he.axis of the cylinder~- v ~ust also’change
sign since theproduct is a constant. But from figure 10
it is Seen that, for flow of type A, U is positiveand
that, for type 3; u is negative”.Hence, it can b-econ-
cluded thatthe radial component v of the velocityOF
the secondarymotion changesits directionwith the type
of flow. At stationswhere the velocity-distribution
curve shows‘type”A,‘the~adial velocityis direct-d-out-
ward; while at stations where the veloci~-distribution
is of type B, the radial velocityis directed inward.,.

RING-SHAPE VORTICES

It seems, therefore,that ring-shapevorticeswhich
are known,to introducethe instabilityof the flow in
rotatingcylinderestill exist a-t’Reynbldsnumbersas high
as severalhundred times the criticalReynoldsnumber. In
order to g~ve a satisfact-oryexp-lanationof the experimental
results,these ring--shape.vorti.c.~~must be”a~sumed to”be
distortedaridarranged“asshown in figure 12. (Cf% refer-
ence 1 i-nwhich Taylor~s ori.gina”l’conceptionof the vor-
tices is given.) The fluid along the walls divergeefrom
station3,anQ from a point that lies somewhatbeyond station ‘“
7. It has been found that thepressure has peaks at these
points. The staticpressure drops in the n“ei~hbarhoodof
stations3 and.7.rather rapidly,and over.the mean portion “r
of the i.n”tervalbetween the two peaks t,hestatic..pressure
is more or less constant. Near the”wal”ls,the f“luidflo~~
in the directionof decreasingptie-ssure;where the pressure ‘
is constant,there is practicallyno flow in the axial
direction. This result-IS consistentwith the suggested
distributionof the,vortices. Oppositestations2 and 3
near the inner cylinderthere is a purely turbulentdomain.
In thie turbulentdomain, the velocitydistributionis
expecte,dto be logarithmic;this expect~tionhas been found
to be correct. At stations5 and 6, where the velocity
distributionis of type”B,there is a purely turbulent
domain near the outer cylinderwall. At statione‘4and 7,
the intermediatestage will be obtainedbecau$e th~ influ-
ence of the-secondaryw.o”tionand t-hatof the iuibulent
fluctuationsare of the same”order of magnitude. .

#

—

Very close to the walls, the shear shouldbe mainlY ,:
determinedby pure viscosity. In order to tranemitthe
same amount of shear as exists in the centralportion of

.

#
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the gap, the slope of the velocity curve‘nearthe walls
must be very large, In all the velocity-curvesobtained,
this,result is true.

The distributionsof UI, the circumferentialturbu-
lent fluctuations,are shown in figure 13. It is interest-
ing to note”that the curvatureof the distribution.5Urves
for u and u! are oppositefor any givenaxial position.

In order to find the influenc8of the speed of rota-
tion on the vortices,m~asune,hentsat a,f,ixedaxial posi-
tion but with differentrotation speed yere made. The
results are plotted im figure >4. At th~low speed of 1200
rpm, the curve shown as diagram 1 of fig~re 14 was obtained.
It shows essentiallya flow ‘of”type A. The speed was then
increased.to 1500 and 1800 rpm:” The results are given in .
diagrams2 ,and.3,respectively. The distribution”of the
static.pressure a-swell as t~e,-distributionof the tieali’
veloci,ty,are,more or less sifiilarto-those of diagram la —

Final-lyttiespeed was.increasedto 2100 rpm. The distri-
butions’of the staticpres~uie and of the ~ean velocity
were suddenlychanged,as aho’wnin diagram 4. The pressure
peak that ‘existedin the”three preceding cases at the mid-
point, where the measurementswere taken, disappeared,and
thus the mean-velocitydistributionat this point became
of type B. When the sp-e%d”’’yksreduced to 1800 and 1500 rprn,
diagrams5 and 6 were obtained. They are similarto diagram
4, which shows that the new,flowpattern,”once e,stabl.ished,
continuedafter a c,onsiderable.”reduc”tioriof the -speed.“-As .-

the speed”of.rotati.onwas redtice”dto 1200 rpm~:,lz,owever,the
originalf“lw p-att~rnretu:r.ned;“as“-showqin diagram?. ,. .. ,.,~ !_.. -. >.,. —---

At lower speed there seemed to be a certain sta,b~e
configurationinvolvinga defin>te siz”eand numberof the
vortices. As the speed wa-s”.”i”ncre-aa”id.,a criticalvalue
was reached at which the vortices increasedin stze and.
decreasedin number., Since’.thevo’rticescan exist only in
pairs,”becausethe total ctrculstionmust be zero, a-qair
of vorticesmust disappe~r”ata-certbiv critical”.speed as .;
the speed increasesand reappearat soiie“cii~~calsD”~ed’&s

‘the speed decreei,ses,It seems that-thkqetwo’crit~~a~
speeds are not identical. .THis”meclitinismfull”yex~lains
the sudden changes of the flow encounteredin the prelimi-
nary investigations. The effect of th-eposition of the
spindlesprobably consistsof the delaying of the change
in the number of vortices. Whe~ the s’pi.ndleswere”situate~
in a purely turbulentdomain?however~ their influences ~,..
were eliminated;-‘This r-ssultis consistentwith the ex-

.,,----“-peri.mentalresults: ~~ .“
-----——. -_.-,-. --..* .-—_
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.

:Onlytwo.stabLe“vortex-systemconfigura’btonswere
.ob#6f.v”ed.One con”~istedof six vorticesand the other of
four vortices. The one that prevailedat t~e lower speed
is called the small-vortexs,ystemand that existingat
“high“sQe&d;the:large-vo”rte~sy6iern.‘-Foithe’17/d2-inch
-gapthe upper oritical.speedo-ftie small-vortexsystem
was found at 1800 rpm @r”hi~her. Hence, the upper limit
of t-hacr’it-icalReynolds number for the e~istenceof the
small-vofltexsystem is about 200 times the critical
Reynolds number for the’instabilit~~f the Iaminarfloti.
‘Beyondthislimit only”’thelarge-vortexsystem can exi.sti.
The lower limit of.thecritical Reynoldsnumber for the
large-vortexsystem,that is, at “1200”rpm or lower, is
about-100 t-imesthat of the criticalReynolds num%erfor
the“instabilityof the l.aminarflow. Below this li.mlt-
only the small-vortex&ystemcan-exi-st.There is a range
in which both types of the.fl.owpattern can exist, and the
startingconditions-determinewhich patternprevails in a
particularcase. For tllO”li~- inch ga~ the lowest operat-
ing Reynolds numbe-r-was-about175 times that of the crlbi-
cal Reynolds nutiler”’andtichange..eoaldbe made from the
large-vor”texsystemto the small~vo53ei””8”ystemif the
large-vort-sx--systemwas once established. ‘/

—-.--- .. ...-—....-—— —— .

ESTIMATE OF SHEARINGSTRESSES ●

The shearingstress can be estimate-dfrom the loga- *
rithmicvelocityprofile by assuming..that”t’h~r61ations
obtainedfor ptirallelflow are~,al&o’-’+a3idin‘thiscase.
By the well-knownuniversalvelocitydistributionnear
t-hewall, ...

where U is ~~e local”’’veloci.t~,( “’
the wall, and

-y- >s ‘h:.dl~!a~cef~Om7- Is tli’’e.,slib~~-ifig,stress. Ift@e8io$~- S
of the straight.portion>of’the“ve”loc%%y~dib~-butloncurve
,plottedon semil~garithmicpapeg:(f.ig.10) is assumed to
be equal~o:$,?s”fi~~~,

It is interestingto compare the shearii~gstresithus
obtainedwith the values obtained,by G. 1. Taylor ~y means
of torque measurement. (See reference2.) Taylor plotted

, . “
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loglo(T/pUa~)against~6g{o(Ut/v)for variousvalues of
t/lll,where T is the shearingstress on the outer cyl-
inder, lJ=2mNRl,:, 1? is the speed of rotationof the

.-.

cylinder, R1 ...isthe rqdius oft_he out-:r-cylin-fler-,and
t is the gap disthiicebetween the’t”w”ticy~~~~er~.-It is
correctto use”the E-type”velocity didtiibu-t-ionfo”fi--the
comparisonwith Xaylorts resultsbq,cause,in th+s case,
the velocityprof~l?:islogarithmicnea-r‘tli6-.oRt-ii‘CYl-

.

inder wa~l. It iq‘foundthat the difiereqce-~~f–theshear-
ing stress calculated’fromboth’walls~fssmall,the shear- -
ing stress at the inner cylinderbeing a“l-ittl’enlarger
than that at the out,ercylinder. T~his$esplt is to be
expected. l’igur?“15--show-stliei’comparison-bf-t~ere’s%.ltS.
The full-linecurve”is an everage curve‘*obtainedfrom
Taylor~scurves for tffR1=’0.0555 and Q:0776: Hence,
it may be statedthat this curve corre,spoqds~pp.roxi.rng~=ely
to t/lll=.0.0666. This value comp~.~eswith .thq.curve
obtairiedin the present investigation:’for tlRl = 0.0635. ;

In addition,Taylorls curve for t/Rl‘=O-o1146 is com-
pared with the present result for t~~= = o.li90.1$is

+.. seen that,“forthe large gap, the result of the:present
measurementschecks Taylor~s curve very well; whereas,
for the small gap, the present resultsare.higherthan
those obtainad”.byTaylor. ,,Th~,,generaltendency-thatthe ..

*
coefficient-tif.f!rictiondecreaseswith increasingvalue
‘of t/Rl is found.tohe true. ..: ,, . .T-

<

CONCLUDINGREMARKS

The turbulentflow between two coaxial cylindersis
accompaniedby a peculiar type of secondarymotion that
affects the transferof momentum. The secondar-yfl’ow can
be describedby assumingpairs of ring--shape.vorticesbe-
tween the cylinders. The size and the number of the vor-
tices depend on the speed of the inner rotating cylinder,
the riumbertending to decreasewi”thincreasi.tig&pe6d. At
certain criticalspeeds the flow pp.tternmay suddenly
change owing,to the loss or the gain of a pair of vorti,c”es~ —

There exist in the gap certainregionswhere the vel”ocity
distributionis governedmainly by this secondaryflow And
other regionswhere the turbulentfluctuationsare prede-
determl.nant.In the regions in which the fluctuationsare
predeterminant,the velocitydistributionis of the loga-
rithmictype in agreementwith the theory of homologous
turbulence. 1-

CaliforniaInstituteof Technolo&y,
Pasadena,Calif., October 1939. -



,’
14 N.ACATechnicalNote No.”‘892

REl?ERENCIIIS .
!

1. Taylor, G. 1.: Stability”of”’ViscousLiquid Contained
betwee”n””TwoRotating Cylinders. Phil. !Crans.Roy.
SOCO (London),VO1. 223, F@b. 8, 1923”,pp. 289-343.

2. Taylor, G. I.: .Distributi,og’ofVelocityand Temperature
betweenConcentric,RotatingCylinders..Proc. Roy.
SOC, (London),ser: AflVolfl151, no:~.8~4fi..Qct.:.lfi .~
1935,pfi.494-512.

3. Taylo”r,G. 1.: Fluid Fr”iction‘be”tween“Rot–at~ng-Cy-linders.
Proc. Roy. Sot.-(London).,ser. A, vol. 157, no. 892,
Dec. 2, 1936,pp. 54&578.. “ .- ‘,..

4. Wendt, F.: Turbu16ntest.r”~mangenzwischenzwei rot-$.erende~
koaxlalenCylindern. Ingi-Archiv., Bd. IV, He;t 6,
Sept. 1933,pp”.577-595.

,

5. von K&rm~n, Th.: Aspect= of th”eTurbulenceProb-lem.
Proc. ~ourth Int. Gong. Appl. kech. (Cambridge,,Eng.,L934)
CambridgeUniv. Press, i935,“pp.54-91.

6. von K&rm&n, Th.i The Fundamentalsof the Statistical
Theory of Turbulence. Jour. Aero. Sci.; vol. 4,
no. % Yeb. 1937, pp. lJ1-138.

.

,.

. .

. .
.. .s

.-—----

I d



+..

“\*‘iv.* .,“’’ ,’, ~
,;.

,- ..
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Figure 5.- Turbulence distribution

for type A flow. NL, 1800 rpm.

10/20”)

12

T WE -l-L REUL ENCF

10
J

q $

) ‘J

3
Ob

u N~= It30QR =W .)

~

lj6 !\

j

J

5 u

— A u

24 $
u

a
3 3
1- .Z 0

% 0.2 - cm * IpGAPDI=A- IN INCHES

Ficiure 6.- Turbulence distribution

for type B flow. NL , 1800 rpm.

zD

-1
In
n
3-
3-.
n9

n-.
L13
y

(n.
m



. ● +.. I

(1 block= K@&)

‘~

Figure i’.- Mean velocity distrilwtion shwing

transition of flow pohern NI,1800t-pm

I

,,
I

Fiqure 8.- .$tai’ic-preesure measure-

olonq the outer cylinden



NACA TechnicalP40feNo.892
DIA. GRAM -1

43 N: =12 QoF ?-
1- $P E -A .

.

-1
ld
>

z
iiz

1 1
0 0: I 0.2 0.3 0.4 0.5
GAP D~~ANc= - IN, AX[Al_ D1.S17ANCE - IN.

(a) TypeA flowat sta+ion 2.(b)Type 6 flow at station 6.

#

.

Fiqure 9.– Mean ve locity dis+t-ibutionand staticpressure.
Ni, 1200rpm; LJi,82.4 fps. --

.- - -. ..—



.

NACA Technical Note NO.892 Fig
50

:

~

L

h ~
0 ?

>
SCATK)hJ-2 N ~=1200FFM

!

_WFE -A ui=e2.4 FT/SEC.

ill
>1~[ .02 .04 .06moJ. 02 04- Q6cels3

GAP DISTANCE FROM INNER CYLINDER lN [/2- IN, _

(a)

‘~b~ ‘lSANCE
FigureIO.- Velocify defec?

FROM CUTER ~lNDER IN l/,2-l N.

between cylinders. N;, 1200rpn; UI, 82.4 fps.

. jo—

. .

--
●

✎

--



NACA Tectmic61 No% No. 892 Fig. I I

ii
>

s-l-b‘l-[Oi q-l
-1-VPE -r3

\“/- ‘ .

sl% b-i-lo N- 2
. T YPE -A

/ ~

=4 1-10N- 3 / .
j -rYPE -A~

~

II s-r J&rIO N- 4 $

— .
z ii
3 Q
> z

s-r A-1-[ON -5 3

I
-r

b

au A
/

u
“id~ ~

a “ Sr Al- [ON -6 1-

;
0 /

\

4 ●.STAT ION - 7 / .

\
o —

0.1 0.2 0.30.4Q5
G4P DISTANCE -IN. AXIAL DtSTANCE -IN.. .

-- -

..

Flqure IL- Deviation from averacje velocity and static pressure
for seven axial positions.



. .. .-.

!’0BOTTOMOF
CYLINDERS

, I I

W,mER~YL’IliDER t-–~
WALL ; 6 5 4 3 2 1

%-MAX
AYIALSTA?IOIW

I?igure12.-Vortlceebetweenrotatingcylinders.



NACATechnicalNoteNo.892 Fig. 13.

.
.

●

J

. .

AX fA1- DE7ANCE-IN.
Figure i3. - Distributions of u’,+hecircumferential “turbulent f[uch.m~ions, and

static pressure for seven axiaI positions.

●

✎



NACA Technical Note No. 892

(n’
111Q
iF-
3&

t-

8 z

I

Fig 14
.

Fiqure 14- Mean vel’ocity distributions and sta+ic
pressure a+ differem+ ro+a+inq speedsfoP

5even ax iolPositians.

.
.—



.-

Fiqure 15.-

Loqo(u%*)

Sheorinq stressdiaqrom. Taylor’s curves $rom

reference 2.


